SECTION 6.4 The Substitution Technique for Integration
IN-SECTION EXERCISES:

EXERCISE 1.
d ((3—4a?) 1 2)101—1
LR ) o 10134 -
dz < 101 TR G A
= (3 — 42%)'%9(—82)
EXERCISE 2.
u du
— —
/(3 — 42109 (—8z) do = /qu du (rewrite in terms of u)
w101
W= 3- 4’1(: = o1 +C (integrate the ‘new’ problem)
_ 4p2)101
dus= -8xdx = % + C (transform back to x)
EXERCISE 3.
1.
d [ 1 (3—4a2)100 11 5100
Sz 2 ) 2 = (101)(3— 4 —
dx ( 8 101 5 107 10VB —4e7) T(=8)

= (3 — 4219

2. Linearity was used in going from

u du
-8 1 — —_——~—
/(3 — 4962)100(—8)96 dx to 3 /(3 — 422)109(—8z) dx
EXERCISE 4.
1. % = 3x2; it was noted that the variable part of this derivative, 22, also appeared as a factor in the
integrand
2.
z? 1 32 3
————dr == | ——=dx (multiply by 1 in form —; linearit
/ —— 3/¢FTI (multiply by 3 y)
1 1
=3 / NG du (rewrite in terms of u)
3 1
us X -\ =3 / w2 du (rewrite with fractional exponents)
a
dur 3x dx Y
=3 172 +C (simple power rule)

2
=3V 23 —14+C  (rewrite in terms of x)
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3.
d 2 7 _i 1/2
dr \ 3 dzx
_2, l 1/2
3 2( 1)~1/2(32%)
o .’L'
=
EXERCISE 5.

1. The derivative of y2 + 2y + 1 is 2y + 2 = 2(y + 1); it was noted that this derivative appeared (off only
by a constant) as a factor in the integrand.

2.
/ z+1 dm_/(;)(2)(a:+1> dm_;/ 2042
(x24+224+1)3 7 ) (@2+2c+1)3 2 ) (22 +2x+1)3
1 /1 1 Ly
. :2/u3du:§/u du
M3 X +:i+| 1 o2 1
du 3 (2w + 3) dx 22T
:_4(x2+2x+1)2+c
3.
d 1 d 1, Ly
- ) =—(-= 2+ 1
dy( 4(y2+2y+1)2) dy( 4<y T2yl )
1
=D+ 2+ 1) (2 +2)
1 _
=5+ 2+ )72y + 1)
. y+1
(y2+2y+1)3
EXERCISE 6.

1. Define g(z) = In ||, so that g(f(x)) = In|f(z)|.
Recall that ¢'(x) = %, for all x # 0. By the Chain Rule:

*lnlf( ) =

In|3-0+5/+3-1Ind 3

So, the point (0, 1) lies on the graph of f. Also:

d

f(z) = 7 <Z1))(1n |3z + 5[4+ 3 —In 5)> =
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END-OF-SECTION EXERCISES:

) /(2:1:_1)17dx:/<2x—1)”2d9~": %/(%_1)17(2@

N
36(290 n¥+c
2. )
/5t\/t2+3dt:5/(t2+3)1/2§tdt: g/(t2+3)1/2(2tdt)
3/2
w=tie3 :2/“1/2d“:gl?i//2+c
t
dus 2t d ?R+3&Q+C V(@ +3P3+C
> 3In4 1
ndz
Nz !M‘4X / . dsc=3/1n4m(;dz)=3/udu
du =z L .4 dx 2
4x :3%+C:g(ln4x)2+0
= Ldx
b 3
4.
2 | A4ty gy _ 2t 1+t
/(46 +e )dt—4/e dt+/e dt U“"t
X \ kx :4~1€2t+ e du d”’" d*
€ dx s -¢ +C 2
’ =2 feltt L O
D.
ﬁdw: ef2 dr=2 [ eV®.
Ya Nz
usﬁ' = %
:2/e“du:2e“+C
du s -Lu(
d =2V 4 C
+—‘ K
Try re-doing this problem, taking u = eV?.
6.

1 12 1 1
/2u+5d“ /2u+5 5 du 2/2u+5( du)

1 1 1
:_7/—dw=—fln|w|+0
ug :“+s 2 w 2

dws QAda

1
=—5Wnj2u+5/+C
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7.
At +2 (2t +1) ) o
dt =2 [ (> +t+1)"322t + 1) dt
/\/(t2+t+1 /t2+t+13/2 /( )T+
52 w12
=2 [u =2.
W= tz*t"\ /u du _1/2—|—C’
—4

du =2t r1)dt — At ) O T
8.

s C“" /(e”+1)5~3e””dx:3/(ew+1)5e$dw:3/u5du

du = e,xdi u®

— 71 T 6
=35 +C=5("+1)°+C

9. First, find all functions f with the specified derivative:

f(z) :/e”(e’”+1)3dm:/u3du

ut

% -
As e +| 4+C

dus e*dx _ert

Then, for the graph of f to pass through the point (0,4), it must be that f(0) =

0 1 4
£(0) =4 7(62) YO =1
— 4+C=4 <= (C=0
T 1 4
Take: f(z) = %
10. Since d'(t) = v(t), the distance function is an antiderivative of the velocity function. First, find all
antiderivatives: . . N
t—2 = %-
d(t):/(t—2)3dt:/u3du:u——i—C:( S e b= x-2
4 4 dw = dt

Then, knowing that d(1) = % yields:

Take: d(t) = + 1
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11. a) The student pulled a variable out of the integral in going from
/Qi”(x? 1) de TO - /(gc2 1) (22 da)
2x 2x ’

which is NOT allowed.

b) The student’s ‘solution’ is NOT correct:

d ((xQ + 1)6> ~ (122)6(2% +1)°(22) — (22 + 1)°(12)
dz 12z B (12x)2
12(2? +1)%[1222 — (22 + 1)]
14422
(2 +1)°(1122 — 1)
B 1222 ’

which is NOT equal to (2% + 1)°. (For example, substitute z = 1 into both formulas, to see that they
are NOT the same.)



