SECTION 6.3 Analyzing a Falling Object (Optional)
IN-SECTION EXERCISES:
EXERCISE 1.
1. The particle starts at position 0 at ¢t = 0, and moves to the right at a uniform speed of 3 feet per second.
2. The particle starts at position 0 at ¢t = 0, and moves to the left at a uniform speed of 3 feet per second.

3. The particle starts at position 0 at ¢ = 0, and moves to the left, continually picking up speed as it
travels.

4. The particle starts at position 2 at ¢ = 0. It travels to the left at a constant speed of 2 units per second
for the first second; so at ¢ = 1 it is at position 0. Then, it turns around, and travels to the right at a
constant speed of 2 units per second.

EXERCISE 2.
In all cases, the results agree with the description of motion given in Exercise 1.
1. For d(t) =3t v( y=d'(t) =

2. Ford(t) = v(t) =d(t) = -3
3. For d(t) = —t7, v(t) =d(t) = -2t
4. For d(t) = |t — 1|, first give a piecewise description of d:
2(t—1) fort>1
d(t) = { ( ) for¢>
201 1) fort<1
Thus:

2 fort>1
oft) = (1) = { -2 fort<1

The function d is not differentiable at t = 1.

EXERCISE 3.
d(t) =13 —2t2 +3; v(t) =d'(t) = 3t2 —

Position at:

t=1: d(1) =13 —2(1%) + 3 = 2 meters

cd(— 1) (=1)3 —2(—1)? + 3 = 0 meters
t=0: d(O) —2(0%) + 3 = 3 meters
t="T: d(T): T3 — 272 + 3 meters

Velocity at:

t=1: v(1) =3(12) — 4(1) = —1 meters/second
t=—1: v(=1) =3(—1)? — 4(—1) = 7 meters/second
t=0: v(0) = 3(0%) — 4(0) = 0 meters/second

Speed at:

t=1: |v(1)] =] — 1] = 1 meters/second
t=—1: |v(—1)] = 7 meters/second

t= |v(0)] = 0 meters/second

|
t="T: |v(T)| =|3T? — 4T | meters/second
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EXERCISE 4.

1. For d(t) = 3t, v(t) = d'(t) = 3, and a(t) = v'(¢t) = 0. The velocity does not change as the particle
moves.
For d(t) = —3t, v(t) = d'(t) = =3, and a(t) = v'(t) = 0. The velocity does not change as the particle
moves.

For d(t) = —t%, v(t) = d'(t) = —2t, and a(t) = v'(t) = 2.
For d(t) = 2|t — 1|, it was found that:

o(t) = d'(t) = { 2 fort>1

-2 fort<1
Thus, a(t) =v'(t) =0for t #1.

2. w(t) =d(t) =682 +2t — 3; a(t) =v/(t) = d"(t) = 12t + 2

EXERCISE 5.

L ——t——t—@———> ODISTANCE AXIS
© | 2 3 4 S

2.
——3—+ > DISTANCE AXIS
-2 -1 o

2 3 4 5 b 1

EXERCISE 6.
Since ‘up’ is the positive direction, and the force acting on the object acts DOWN, it enters the equation
with a minus sign:
At
—-mg=m-a(t) = V({t)=—-g = v(t)=—-gt+vo o""l
= o(t)=—-gt = d(t)=—gt
t2 t2
—  d(t) = 797 tdy = d(t) = f%
=001 Frrrir
The object hits the ground at time ¢ for which d(¢t) = —100; that is: GROUND
gt?
—=— =-100
2
This happens when t = , /% ~ 2.5 seconds.
The velocity function is v(t) = —gt, so v(2.5) = —80 ft/sec. The minus sign indicates that the velocity
points in the negative direction, which, for the choices made, is down.
EXERCISE 7. 100 At
Again, the force enters the equation with a minus sign attached. Note that d(0) = 100. i
-mg=m-a(t) = V({t)=-g = v(t)=—gt+vo
= v(t)=—gt = d(t)=—gt
e e 1 wrrrr




170

copyright Dr. Carol JV Fisher Burns http://www.onemathematicalcat.org

The object hits the ground at time ¢ for which d(¢) = 0; that is:

t2
~L-+100=0

This happens when t = , /% ~ 2.5 seconds.
The velocity function is v(t) = —gt, so v(2.5) &~ —80 ft/sec.

EXERCISE 8.

1.

Choose ‘down’ as the positive direction; let ‘0’ coincide with the initial position of the falling object.
Then:

mg=ma(t) = a(t)=9g = V' (t)=g o 4 t
= v(t) =gt +vo = o(t) =gt

t2 ‘"ﬁ-----.0‘~
= d'(t) =gt = d(t) = g5 +do BLOG
t2 ZDC - 7777—_'—
— =95 cRouN0
v
<4
The object hits the ground when d(t) = 200:
t2 400 400
g— =200 <= t’=-—"— <= t=+4\/—
2 g g
Choosing the nonnegative answer and approximating, ¢ ~ 4:% = 3.54 seconds.

d(1) = gg = g/2. After 1 second, the object is approximately 200 — § - 32 = 184 feet above the ground.
22

d(2) = g% = 2g. After 2 seconds, the object is approximately 200 —2(32) = 136 feet above the ground.
The object reaches the top of the building when d(t) = 100:
12 200 200

g= =100 = t*="7" <—= t=+4,/"F
2 g 9

Approximating, t &~ 2.5 seconds.
v(l) =g- 1= 32 ft/second

v(2) = g -2 =~ 64 ft/second

v(3.54) = g - 3.54 =~ 113.28 ft/second

The equation of motion is only valid until the object hits the ground. So, it is only valid for approxi-
mately 3.54 seconds.

END-OF-SECTION EXERCISES:

1.

‘Down’ is chosen as the positive direction; ‘0’ coincides with the ground.
s |- r‘i__
mg=ma(t) = a(t) =g = V'(t) =g

= o(t) =gt +vg = ov(t) =gt —20 &
12 2
— d(t) =gt =20 = d(t) = g5 — 20t +do 3

t2 o -
— d(t) =g~ — 20t —T5 777777
2 Vv GROUND
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v(t) = gt — 20
v(t) =0 = gt—-20=0 <= t=2
It will go up for approximately 0.63 seconds, before it starts to come down.

d(0.63) = g@ —20(.63) — 75 ~ —81.25 feet. Thus, the object reaches a maximum height of
approximately 81.25 feet.

Set d(t) equal to —75 and solve for ¢:

t? t?
95—2012—75:—75 — 95—20t=0

¢
— t(%—20):0

40
<— t=0or t=—
g

The object passes the person who threw it in approximately 1.25 seconds. (It takes just as long to go
UP as it does to come back DOWN to the person!)

Set d(t) = 0 and solve for ¢:

12 20 £ /400 — 4(2)(-T75
95—20t—7520 = t= v J (2)(=7)

Choosing the positive answer, it takes approximately 2.88 seconds for the object to hit the ground.



