SECTION 5.3 The Second Derivative—Inflection Points
IN-SECTION EXERCISES:
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EXERCISE 3.

1. If x =2, then 22 =4; true
Converse: If 22 = 4, then x = 2; false. (Take x = —2. Then the hypothesis ‘(—2)? = 4’ is true, but
the conclusion ‘—2 = 2’ is false.)
2. 1=2 = 141=2; (vacuously) true
Converse: 1+1=2 = 1=2; false
3. If 1 =2, then 2 =3; (vacuously) true
Converse: If 2 =3, then 1 = 2; (vacuously) true
4. A = B has converse B = A which has converse A = B. Thus, the converse of the converse is the
original implication.
original implication: A = B
converse: B = A;
contrapositive of the converse: not A = not B
original implication: A = B;
contrapositive: not B = not A;
converse of the contrapositive: not A = not B

EXERCISE 4.
1. f'(x) =4x; f"(x) =4. When x changes by an amount Az, the slopes of the tangent lines should
change by four times this amount.
2. At x+ Az, the slope of the tangent line is f'(x + Ax) = 4(x + Ax) = 4o+ 4Ax . At z, the slope of the
tangent line is f'(z).

3.
Af' = f'(z+Az) - f'(2)
= (dz + 4Az) — 4z
=4Ax
Thus, the slopes of the tangent lines have indeed changed by four times the amount that x has changed.
EXERCISE 5.

1. f'(x) = 32?%; f"(x) = 6z. At the point (2,8), the slopes of the tangent lines are changing f”(2) =
6 -2 =12 times as fast as x changes.

2. In moving from = = 2 to x = 2.1, the change in = is 0.1; thus, the expected change in the slopes is:
12-0.1=1.2
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F(2)=3(2)2 =12; f(2.1) =3(2.1)2 =13.23
Thus: Af =13.23 — 12 =1.23

4. The estimate was a bit low. This is because, as soon as we move away from the point (2,8), the rate of
change of the slopes is actually greater than 12.
EXERCISE 6.
1. Start with y = 2*; shift 4 to the right; make all the y-values negative; shift up 20
4
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f2)=—-(2-4)*+20=4
f(@) =4z —4)*; f"(z) =—12(z - 4)
Thus: f"(2) = —12(2 — 4)? = —48
When x changes by a small amount, we expect the slopes of the tangent lines to change by —48 times
this amount.
4. When z changes by 0.1, the slopes should change by approximately: —48 - (0.1) = —4.8
5. f1(2) = —4(2—-4)3=32; f/(2.1) = —4(2.1 —4)3 = 27.436
Note that:
f(2.1) — f/(2) = 27.436 — 32 = —4.564
Compare this with the ‘expected’ change of —4.8.
EXERCISE 7.
1. The domain of P is R.

P'(z) = 42 — 122% — 7
P"(x) = 1202 — 242 = 12z(2 — 2)
P'(z)=0 & z=0o0rz =2

When 2 =0, P(0) =1, so (0,1) is a candidate for an inflection point.

When z =2, P(2) = —29, so (2, —29) is a candidate for an inflection point.
Determine the sign of P” everywhere:

Test Points: P"(-1) = (=)(—) >0, P"(1)=(+)(—-) <0, P"(3)=(+)(+) >0

ttr ettt ----- ;**"’1’ t ¥+ y Sien OF P7(x)
(¢)

Thus, both candidates are indeed inflection points, since the concavity of the function changes as we
pass through each point.
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2. The domain of f is (0, 00).

1
f'(z) = §$_1/2 + 2z
1
o) =—qa7%% 42
B 1 Lo 4y 23
4y a3 4y 23

-1+ 8vVz3
4y 23

Note that:

1 1 1
() =0 <= —-14+8Va3 =0 — \/3:3:§ = x3:6—4 = r=7

The point (3, f(§)) = (3. 1) is the only candidate for an inflection point.

Determine the sign of f” everywhere:
Test Points: f”(3) <0, f"(1)>0

(“""e"’*’**’** tt o+ > SI6GN OF f£"(x)
o) Ve

Thus, (5, 75) is indeed an inflection point.

EXERCISE 8.
Some approximation is necessary. It is assumed that the patterns displayed at the graph boundaries continue.
1. The function is positive on the interval (—1.75, c0)

The function is negative on (—oo, —1.75)

2. The function increases on (—oo,1) U (2.7, 00)

The function decreases on (1,2.7)

3. It is somewhat difficult to tell where the concavity changes, without further information. Thus, the
following answers are certainly approximate:

The function is concave up on (—1,0) U (2, 00)

The function is concave down on (—oo,—1) U (0, 2)

EXERCISE 9.
1. Proof. Suppose that f'(¢) =0 and f”(c) < 0. Assume, for simplicity, that f is defined on both sides
of c.

Recall that f” = (f')’. Thus, f”(c) < 0 means that the limit

LSt ) =) feth) =0
h—0 h h—0 h

exists, and is negative. Call the value of this limit N (for ‘negative’). Thus, it is possible to get the
values @ as close to N as desired, merely by requiring that h be sufficiently close to 0. Remember
that when h is close to 0, ¢ + h is close to ¢. In particular, when h < 0, ¢ + h is to the left of ¢; and

when h > 0, ¢+ h is to the right of c.
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Refer to the sketch. Choose € so that every number in the interval I := (N — €, N + €) is negative.
Then, find ¢ so that whenever h is within § of 0, the numbers w end up in I.
If h < 0, and within § of 0, then multiplying both sides of the inequality

f'leth)
—= <0
h <
by the negative number h yields
f'(c+h)>0,
so the function is increasing to the left of the point (e, f(c)).

Similarly, if A > 0 and within § of 0, then we get

flle+h) <0,

so the function is decreasing to the right of the point (¢, f(c)).
By the First Derivative Test, the point (¢, f(c¢)) is a local maximum. o

P'(z) = 1220% +122% — 242 = 120(2* + = — 2) = 122(x + 2)(z — 1)
P (z) = 3622 + 24z — 24 = 12(32% + 2z — 2)
Now,
P'(z)=0 < z=0orx=-2orz=1,

so there is a horizontal tangent line at each of these points.

P"(0) =12(0+0—2) <0, so P is concave down at x = 0. Thus, (0, P(0)) is a local maximum.
P"(=2) = 12(3(=2)? + 2(-2) —2) = 12(12 -4 —2) > 0, so P is concave up at x = —2. Thus,
(=2, P(-2)) is a local minimum.

P’(1)=12(3+2—2) > 0, so P is also concave up at x = 1. Thus, (1, P(1)) is a local minimum.

END-OF-SECTION EXERCISES:

1.

P'(z) = 42 — 622 + 20 = 20(22® — 3z + 1) = 22(2z — 1)(z — 1)
P'(z) = 1207 — 122 + 2 = 2(62% — 6z + 1)

The critical points are summarized in the table below.

¢ | ™| wHY? | LocaL aﬂ?
o |10 [fl)=0 MIN
/2 /| Ple)=a MAYX

| 10 |P(c)e0 MIN

First Derivative Test: The sign of P’(x) is given below:
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Since P decreases to the left of z = 0 and increases to the right, there is a local minimum at x = 0.
1 1
2 P
Since P decreases to the left of z = 1 and increases to the right, there is a local minimum at x = 1.

Since P increases to the left of z = 5 and decreases to the right, there is a local maximum at z =

Second Derivative Test: P”(0) > 0, so there is a local minimum at z =0

P"(3) =2(6(3)% —6(3) + 1) <0, so there is a local maximum at z =

P’(1) > 0, so there is a local minimum at z =1

1
2

P'(z) = 3603 + 4822 + 120 = 122(32% + 4o + 1) = 122(3z + 1)(z + 1)
P"(x) = 10827 + 96z + 12

The critical points are summarized in the table below.

¢ |Pe)| umy? | \ocAL ext
ol | [Pl=0

-V/3 1| Ple)=0

-1 | O |Plc)=0

First Derivative Test: The sign of P’(x) is given below:

i 4.4 A ST 5. 2 5 B SN STR1 N 2 )

-1 /3 O
Since P decreases to the left of z = —1 and increases to the right, there is a local minimum at = —1.
Since P increases to the left of x = —% and decreases to the right, there is a local maximum at z = —% .

Since P decreases to the left of z = 0 and increases to the right, there is a local minimum at x = 0.

Second Derivative Test: P”(—1) > 0, so there is a local minimum at z = —1

P"(—%) <0, so there is a local maximum at z = —%

P”(0) > 0, so there is a local minimum at =0

f(z) is positive on (—oo, —2.5) U (—2,00)
f(x) is negative on (—2.5, —2)

f increases on (—4,—3) U (0, o)

f decreases on (—3,—2) U (—2,0)

f is concave up on (—2,2)

f is concave down on (—3,—2) U (2, c0)
D(f) =R —{-2} = (—00, =2) U (=2, 00)
D(fy=R—{-4,-3,-2}

{z | f'(z) = 0} = (—o0,-4) U {0}

{z | f(z) > 10} = (—2,-1.5)

Az | f'(x) >0} = (—4,-3) U (0,00)
Az | f(x) <0} =(-3,-2) U(2,00)
im0 f(z) =2

. limy—,_5 f(t) does not exist

Climy 4 f(y) =4

. The critical points are:

{(z,4) | © € (—o0,—4)}, since f'(z) = 0 for all these points
(0,2), since f'(0) =0

(—4,4) and (-3, 8), since the derivative does not exist at these points
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16. £(0) =2
f(0)=0
£(1000) ~ 10
#/(1000) = 0

17. {z € D(f) | f is not differentiable at z} = {—4, —3}
18. The only inflection point is (2,6) .

. f(0+h)_f(0)_ / —
19. lim ——————= = f'(0) = 0

20. lim _f’(x) equals the slope of the tangent line at z = —3.5

r——3.5

Using the points (—4,4) and (—3,8) to compute this slope, we get:



