SECTION 4.6 Differentiating Products and Quotients
IN-SECTION EXERCISES:
EXERCISE 1.

Most any functions f and g that you might ‘pull out the air’ will serve to show that, in general, the derivative
of a quotient is NOT the quotient of the derivatives. For example, choose f(z) = 2 and g(z) = z. Then,

(L)(z) = Ha) = 2 = 92-1 g0 that:

g g(z) T =z
f l _ i — -2 73
(V@)= o = -2 =
However:
r@ 0,
g(x) 1
Note that: ; @)
, x
EXERCISE 2.

Rewrite the proof several times, without looking at the book. Be sure that you can justify each step in your
proof. In particular, make sure that you can explain why limy_,o f(z + h) is equal to f(x).

EXERCISE 3.
First, multiply f out and differentiate term-by-term:

f(x)=22"+82° —x —4
f(x) = 8% + 242 — 1

Next, use the product rule:
(@) = (z +4)(62%) + (1)(22° — 1)

=62° + 2422 + 223 — 1
=83 + 2422 — 1

Compare!

EXERCISE 4.
1. (abcede)’ = a’bede + ab'cde + abc'de + abed'e + abede’
2. flz)=(2)(z?=3)d—2)+ 2z +1)(22)(4 — z) + 2z + 1)(2* — 3)(-1)

103



104 copyright Dr. Carol JV Fisher Burns http://www.onemathematicalcat.org

EXERCISE 5.
1. Using the quotient rule:

2z = D) = (=)(2)
(22 —1)2
-1
(22 —1)2

fiz) =

To differentiate f without using the quotient rule, it must first be rewritten:

f(@) = a(2z — 1)

fla) = z[-2z - 1)) + () (2x - 1)~}
2 1
"@x—n2+2x—1
—2z 1 (2 —1)
Qe =12 "1 (2-1)
-2z + 2z — 1)
(22 —1)2
-1
(2z —1)2

Which way was easier?

2. Using the quotient rule:

(1—2)*(0) —3-4(1 — 2)*(-1)
(=21
_12(1—a)?
(1)
12
(1—=x)5

g (x) =

To differentiate g without using the quotient rule, it must first be rewritten:

g(z) =3(1 - )"

g'(z) = 3[-4(1 - 2)°(-1) + (0)(1 — 2)~*
12

(1-a)

This time, which way was easier?
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EXERCISE 6.
1. When n = 1, the formula holds:

Suppose that the formula holds when n = K; that is, suppose it is true that:

K(K +1)

L4224t K= ——

Now, it must be shown that the formula is true when n = K + 1:

142+ +K+(K+1)=[1+2+--+ K]+ (K+1) (regroup)

= w +(K+1) (inductive hypothesis)

= K(K2+ D) + 2(K2+ ) (get common denominator)
= KK +1) ;_ 2K +1) (add fractions)

= w (factor out K + 1)

Thus, the formula holds when n is replaced by K + 1. Therefore, the formula holds for all positive
integers.

2. Taking n = 512:

512)(512 4+ 1) (512)(513
1424+ 45122 )(2 +1) _ )2( ) _ 131,328

3. The trick is to add zero in an appropriate form:

100+ 1014+ +512 = (1424 +99) + (1004 - - +512) — (1 + 2+ - - + 99)
= (1424 4512) = (1+2+---+99)
(512)(513)  (99)(100)

2 2
= 131,328 — 4,950 = 126, 378

END-OF-SECTION EXERCISES:
1.

y() = (2 - £2)°
y'(0) = 2(2 - 0)°(1 - 2(0)) = 2(4)(1) = 8
y(t) = 22— 1)(1 - 20)
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y(1) =e 'W/12-1=0
y'(1) does not exist

—VE(_
W =)= CHEZEVRED a5y

(V2)2 -1

D(f)={x|x>0and Inz >0} = (1,0)

D(f')={z|2z€D(f) and z >0 and Inz # 0 and = # 0} = (1,0)

et lne” re®

I (f(e)) = f'(In(lne)) = f'(In1) = f'(0) does not exist, since 0 ¢ D(f")
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g (z) = el . e = eote”

i — lim (&) = (") — g1 —
lim g(x) ili%e e e =e

z—0

. . T 0

lim ¢/(z) = lim "™ =e’T¢ =¢el =¢
z—0 z—0

D(g) =R

Jd@) =02z +1)1 -2+ -1)2)1 -2)" + (z—1)2z+1)7(1 — 2)5(-1)
=@2c+1)(1—2)" +2(x-1)1—-2)" -7z —-1)2z+ 1)1 —x)°

lim g(z) = (0 - 1)(2(0) + 1)(1 - 0)" = (-1)(1)(1) = 1

x—0
lim g(t) = —1
lim ¢'(z) = (1) +2(=1)(1) = 7(=1(1)(1) =1 -247=6
9'(0)=6

g' IS continuous at 0, since hn%) g (z) = ¢'(0)
z—

There are several correct approaches. If desired, h can first be rewritten as h(z) =Ine® —In(z + 1) =
2 — In(x + 1), and then differentiated. Or, h can be differentiated directly:

Vi) - x;1 [(:r—k(lm)ej 1—);1(1)}
l{em(erll)}

z+1
X

z+1

When o = 0, h(0) = In(g5) = In(1) = 0.
h(0) = 0%—1 = 0. Thus, the tangent line is horizontal, and has equation y = 0.

The slope of the tangent line at the point (0,0) is

h(z) = Vinad = (3Inz)"/? = V3(lnz)"/?

B (z) =V3- %(mz)*l/? %
V3
N 22vInz

Dh)={x|xz>0and lnx >0} ={z |z >1}
When x = e, h(e) = v/3, so the point (e, /3) lies on the graph of h. The slope of the tangent line at

this point is:
3 3
ey = Y3 _V3
2evIne  2e

The tangent line has equation y — /3 = g(x —e).
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X720 +1)5 -2 4 2627 (22 +1)7
2e** (22 + 1)°[7 + (22 + 1)]
262 (22 + 1)°[8 + 22]

4€2m(2.’E + 1)6(x +4)

f'(z)

When z = 0, f(0) = ¢*°(2-0+1)" = 1, so the point (0,1) lies on the graph of f. The slope of the
tangent line at this point is:

f(0) =4e*°(2-0+1)5(0 +4) = 4(4) = 16

The tangent line has equation y — 1 = 16(x — 0), or, equivalently, y = 16z + 1.

10. Using a generalized product rule:
/() = 2(az + b)(a)(cx + d)*(x + 1)* + (az + 0)?*3(cx + d)*(c)(z + 1)* + (az + b)*(cx + d)*4(z + 1)3(1)

11.
h(t) = e(3t —1)~*
B (t) = —4e(3t — 1)7°(3)
—12e
(3t — 1)

When t = %, h(%) = e(3(§) —1)=* = e, so the point (%,e) lies on the graph of h. The slope of the

tangent line at this point is:
2 —12e
P(z) = =-12
3= ‘
So, the tangent line has equation y — e = —12e(t — 2).

12. Using the Quotient Rule:

, VEF2(3) —Int- (Vi +2)

¥y = t+2
_ VEEZ _Int - I(t+2)712(1)
t+2
V2 _ _Int
t 24/t+2

t+2
VIF2  2VIF2 _ _Int |t

t o/t 2/Er2 ¢
t+2
_ 2(t+2)—tint
S 2tVEF 2(t+2)

2(t +2) —tint
2t/ (t +2)3

The instantaneous rate of change at t = 1 is:

2(142)—1lnl _ 2(3) 3 3

'y _ 1
yl)= 201)/(1+2)3 227 V9.3 33 3
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13.
y =2[(x —3)(z+1)(2z — D]'[(1)(z+ )2z — 1) + (z — 3)(1)(2z — 1) + (z — 3)(x + 1)(2)]

=8(x —3)(x+1)(2z — 1)(2® — 3z — 2)
Using the quadratic formula:

3+ /9 —4(1)(-2)
2(1)

x73i¢ﬁ

==

22-3r-2=0 << z=

The tangent line is horizontal if and only if the first derivative equals zero. Therefore:

Y =0 <= z-3=0or 2+1=0or 2¢2—1=0 or 22 —32—-2=0

_3+VIT

1
— =3 =-1 ==
T or r or r 20rx B)



