SECTION 4.2 The Derivative
IN-SECTION EXERCISES:
EXERCISE 1.

1.

Set subtraction is only defined for sets; that is, in the expression A — B, both A and B must be sets.
However, in ‘R —0’, ‘0’ is not a set, it is a number.

2. A-B=(2,0), B—A=10
3. A—B=(-3,-1), B—A=(3,4)
4. A— B =Q (Remember that Q represents the set of rational numbers.)

B-A=10

S =(-1,1] - {0}

S ={1,2,3,4} — {4}
EXERCISE 2. 2
1. The graph of f is shown at right; D(f) =R

t >
At every point, the slope of the tangent line is 3. Thus, f'(z) = 3. Here, D(f’) = R.
() z—3 for >3
xTr) =
33—z for <3
4. The graph of f is shown below; D(f) =R
y= 1%x-3|
ys= x|
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5. For x > 3, f'(x) = 1. This is because at any point (x, f(x)) with & > 3, the slope of the tangent line

is 1.
6. For x < 3, f/(x) = —1. This is because at any point (x, f(z)) with = < 3, the slope of the tangent line

is —1.
7. There is no tangent line at the point (3,0). This is confirmed by investigating the one-sided limits:

o fBEN—F3) L (3+h)=3)—0
h—0+ h h—0+ h

= lim Q =1

o h—0+ h o

and

o JBER —S) L (B (34m) -0
h—0— h h—0+ h
—h
= 1 —_—= —1
o+ h

Since these one-sided limits do not agree, ,llir% does not exist.
—

fB+h) - fB3)
h
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8. 1 for x >3
flx)=¢ -1 for <3
not defined for x =3
In particular: D(f') =R — {3}
9. The graph of f’ is shown at right. A 3 = £'(x)
‘ -+ _
} —> X
3
e
EXERCISE 3.
1. The graph of f is shown at right; D(f) =R
n
" PIRECTIONS
AGREE !
- \L-I
2. Forz < —1, f(z) = 22, and f'(x) = 22. That is, at every point (z, f(x)) with x < —1, the tangent line
exists and has slope 2z.
3. When z is close to —1, coming in from the left-hand side, f'(x) = 2z. Thus:
lim f'(x)= lim 2z =2(-1)= -2
r——1— r——1—
That is, we can get the slope of the tangent line to the graph of f as close to —2 as desired, by requiring
that x be sufficiently close to —1, coming in from the left-hand side.
4. For z > -1, f(z) = =2z — 1, and f'(z) = —2. That is, at every point (z, f(z)) with > —1, the
tangent line exists and has slope 2.
5. Since the function is defined differently to the left and right of —1, we must investigate two one-sided
limits:
o FELER —FCD) L (21 - 1) -1
h—0t h h—0t h
—2h
= 1. _— —2
ot h
and
_ _ f(— _ 2 _
o JELER = f(-1) L (1P
h—0— h h—0— h
_ 2y _
~ m (1-2h+h%) -1
h—0— h
~ m h(—=2+h)
h—0— h
= lim (-2+h)=-2
h—0—
—1+h)— f(-1
Since the one-sided limits agree, }lbin%) F1 i)z F(=1) exists and equals —2. That is, f'(—1) = —2.
—
6. There IS a tangent line to the graph of f at the point (—1,1); it has slope —2.
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7. The graph of f’ is shown at right; D(f") =R ‘F Y= £(x)

T —P» ¥

1"‘

r' c ] c—
EXERCISE 4.

1. line 1: By definition, f(1+ k) = H%h . Also, since f is only defined for h > 0, the ‘two-sided’ limit is,

in this case, just a right-hand limit.

line 2: Get a common denominator in the numerator.

line 3: Here are some missing details:

1 _ 1+4h 1-(1+h)
T+h — 1+h _ _1th
h h
1-1-h 1
~ 14+h h
_1-1-h
 h(1+h)
line 4: Here, the function h(%fh) has been replaced by the function 11—1,1 that agrees with it, except
when A = 0. This function ljr—lh is continuous at h = 0, so evaluating the limit is as easy as direct
substitution.

2. The graph of f is found below. Note that f(0) = (0 —1)2 =1, and f(4) = (4 —1)2=9.

=x2 e
y=x SHIFT y= x-n TAKE )
RIGHT ’ DESWRED
x 1 P >y Prece NSz
| ] 4

3. Since f is only defined to the right of 0, the ‘two-sided’ limit is actually a right-hand limit. Thus:

_ —1)2 _
L SOER —FO) (1)1
h—0 h h—0+ h
2 _ _
o (P =2he1) -
h—0t h
~ lim h(h —2)
h—0t h
= lim (h—2)=-2
h—0t

Thus, f is differentiable at 0, and f/(0) = —2.

EXERCISE 5.
line 1: By definition of f, f(z+ h) = Vz + h and f(z) = Vx.

line 2: Since the limit in line (1) is an indeterminate form, it must be put in a form that is easier to analyze
when h is close to 0 (but not equal to 0). This is accomplished, in this case, by rationalizing the numerator.
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line 3: Multiply out the numerator:

VITh—vE VEth+ya _ VarhVaTh— yivath+yavath— Vaya

h Vi+h+yz h(Vx +h+ /)
(x+h)—=x
h(vVx+h+/x)
The fact that x > 0 was used to conclude that /z\/x = x and Vz + hvz+h=z+h.
h
line 4: Cancel h; since the functions and agree everywhere except at 0, and

h(Vz +h+x) vz +h+z

since h is not allowed to equal 0 in evaluating the limit, this is valid.

line 5: The function Vs 8 continuous at h = 0, so evaluating the limit is as easy as direct substitution.

EXERCISE 6.
1. f(0)=3; f(1)=2; f'(1) does not exist; f/(2) does not exist; f'(1.34) = —1 (Use the known points

(1,2) and (2,1) to compute this slope); f(3) does not exist, i.e., f is not defined at 3; f(4) = —1;
f'(m) = 0; assuming that the pattern at the right-hand border of the graph continues, estimate that
£(1000) ~

D(f) = (—00,3) U (3,00) = B — {3}

D(f') = (=00,1) U(1,2) U (2,3) U (3,4) U (4,00) = R —{1,2,3,4}

R(f) =R

The function f is continuous for all z in the set R—{1,3,4}. Atz = 1, the discontinuity is nonremovable.
At z = 3, the discontinuity is removable. At x = 4, the discontinuity is nonremovable.

A T

6. Some approximation is necessary. We seek all points that have nonpositive y-values.
{z | f(z) <0} =[2.5,3) U (3,4]
7. We seek all points with tangent lines that have a negative slope.

{z [ f/(x) <0} =(1,2)U(2,3)

EXERCISE 7.

1. For all z > 0, the slope of the tangent line to the graph of f must be 2. For all z < 0, the slopes must
be 0.

2. Below are shown three different functions f that meet these requirements.

EERTANSY,
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END-OF-SECTION EXERCISES:

= Ix-2|
1. The graph of f is shown at right. Here: D(f) =R Y
+—>¢ - %
2
When x > 2, the slopes of the tangent lines equal 1.
When z < 2, the slopes of the tangent lines equal —1.
There is no tangent line at x = 2. Y= £(x)
The graph of f’ is shown at right. Here: D(f') =R — {2}
1 4 O
—t > X
-0
2. The graph of f is shown at right. Here: D(f) = (—3,4) ys= £lx)
+ = ¥ %
-3 | *
When z € (—3,0), the slopes of the tangent lines equal 0.
When z € (0,4), the slopes of the tangent lines are:
h—0 h h—0 h
z 1 _ lath
— 1 T z+ T T+
s h
x—(x+h)
= lim ————=~
h—0 hx(z + h)
. -1 1
=lim — =——
h—0 z(x + h) x?

The graph of f’ is shown below. Here: D(f') = (—3,0) U (0,4)

rY= £'(x)
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3. The graph of f is shown below. Here: D(f) =R

ys f£x)

When x > 1, the slopes of the tangent lines equal 2.

When 2 < 1, the slopes of the tangent lines equal 22 (as per an example in the text).
There is no tangent line at z = 1.

The graph of f’ is shown below. Here: D(f’) =R — {1}

Y= £'(x)

4. Note that f(2) =3(2)2 —1=11. Then:

fe+h) - f2) BR+h)?—1]-11

pim, h = Jimy h
. 3(4+4+4h+n*)—-1-11
= lim
h—0 h
. 124 12h+3h%2—12
= lim
h—0 h
_ lim 3h(4 4 h)
h—0 h

= lim 3(4 + h) = 12
h—0

Thus, f/(2) = 12. That is, the slope of the tangent line to the graph of f at the point (2,11) equals 12.
5. Note that f(2) = 72 = 1. Then:

1
2 — f(2 w1 — L
L f@ER Q)
h—0 h h—0 h
1 1+h
= lim Ith  Th
h—0 h
1—(1+h)
=lim —————~
h—0 h(1+ h)
. 71 I
TaS01+h

Thus, f/(2) = —1. That is, the slope of the tangent line to the graph of f at the point (2,1) is —1.
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Note that f(4) = v/4+1=3. Then:

. fA+h) - f(4)
ilzli% h h—0 h
m Vi+h—2 4d+h+2

1 .
h—0 h Vi+h+2
44+ h—4

= lim ———
h=0 h(v4 + h +2)
1 1

=lim ——— =~
h=0+4+h+2 4

Thus, f/'(4) = i. That is, the slope of the tangent line to the graph of f at the point (4, 3) is % .

First, evaluate
B f3)
h—0 h
to show that f/(3) = 6. The equation of the line that passes through the point (3, f(3)) = (3,9) and
has slope 6 is:
y—9=6(x—3)

The limit
Lo SO+ = (O
h—0 h

does not exist; there is a vertical tangent line at the point (0,0). The equation of this vertical tangent
lineis z =0.

First, evaluate

o T2 ) = F(=2)
h—0 h

to show that f/(—2) = 0. There is a horizontal tangent line at the point (—2,1); its equation is y = 1.



