tools needed

for working with

exponents

21. EXPONENT LAWS

The exponent laws are the tools needed for working with expressions involving
exponents. They are stated precisely below, and then discussed in the para-
graphs that follow.

EXPONENT LAWS

Let =, y, m and n be real numbers, with the following exceptions:
e a base and exponent cannot simultaneously be zero (since 0° is undefined);

e division by zero is not allowed;

e for non-integer exponents (like 1 or 0.4), assume that bases are positive.
Then,

xmxn — mm-{-n
Verbalize: same base, things multiplied, add the exponents

m
€T — :L,TYL—’I'L
In

Verbalize: same base, things divided, subtract the exponents

(m’f”)n — xmn

Verbalize: something to a power, to a power; multiply the exponents
(zy)™ = z™y™

Verbalize: product to a power; each factor gets raised to the power

Y ym
Verbalize: fraction to a power; both numerator and denominator get raised to
the power

the rules are illustrated
with positive integers

motivation for
mmxn — l,m+n

Although the exponent laws hold for all real numbers (with the stated excep-
tions), they are illustrated with positive integers.

Notice that

two factors three factors five factors
2.3 _ s N e N 7 ~_ 5 _ 243

Here are some examples:

2,53 _ 424543 _ 10

8
[SIE Y

1 3 2 5
+3 5Ts 8

8]

11
23 =1 = =

yea?ey? = (a2 (Yt y?) = 2%y
plg® = 145 g
(a+0)*(a+b)" = (a+0b)°

23 . 9% = 93+4 — 9T — 128

]

copyright 2004 Carol J.V. Fisher 186




EXERCISES 1. Write in the form P :

b. xsx3
c. x-x°8
d. 2% 2t-2!
motivation for Notice that .
m
z - x T T-TT-T B
=M™ " 72729&@3-96::53:3052
xm x T-x
Here are some examples
P
7
X _
==l =g
26
2
T _ _
Lo 29T
29
1
T T _(—
75 :75 :xl ( 5):x6
T~ T~
2,3 2 .3
Yy Y 2-1,3-5 1, -2 _ .. —2
5 g 5 Y Ty o=y
Ty -y
1
X2 1_1 3_2 1
— =x2 3 =76 6 =76
T3
(a+0b)° 5-3 2
=(a+b°"=(a+b)
(a+1b)?
29.4
— 99.4-0.5 _ 98.9
20.5
flip from It’s convenient to notice that expressions of the form z™ can be moved from
top to bottom numerator to denominator, or from denominator to numerator, just by changing
or bottom to top; the sign of the exponent. For example:
change sign 1 x~3 ce . . .
of exponent s = I ; exponent was positive in denominator; is negative in numerator
N . . . o
— = T ; exponent was negative in denominator; is positive in numerator
—
3 1
T~ =—3; exponent was positive in numerator; is negative in denominator
23
T ] ; exponent was negative in numerator; is positive in denominator

Here’s a sample proof:

The other proofs are similar.
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EXERCISES

2. Write in the form zP:

27
a. —
22
x
b. F
1
T4
c. —
T2
0.8
d
L
motivation for Notice that
3 piles, 2 in each
(@*)° = (2*)(a*)(2®) = (2 - 2)(z - 2) (2 - x) = 2% = 2®?

Here are some examples.
.E
($2)5 _ £E2 5 _ 1,10

(LL'3)_1 _ x3~(—1) _ $—3

EXERCISES

3.  Write in the form zP:

a. (2°)?

b. (z7hH™4
c. (x3)°
d. (2%)°6

motivation for
(zy)™ = a™y™

Notice that

(zy)® = (zy)(zy)(zy) = (x -z -2)(y -y -y) = 2°°

Here are some examples, where the final results are written without any negative
exponents:

(ab)® = a®b°
1 1 1 1 1
-4 _ -4 -4 _ —4 _ _
() "=y = vyt (o)™ = (zy)*  aty
[(a—1)(b+2)]*=(a—1)*0b+2)?*
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EXERCISES

4. Write in the form aPyP :

a. (zy)’
b, (xy)~°
c. (ay)?
d (zy)

motivation for
G =2

Y ym

Yy y°

-3
a. —3 a
) ==
1.4 14 1
Q) =m=u

a—13 (a—1)>°
(b+2) S (b+2)?

EXERCISES

5.  Write in the form ;—::

T

8. (;)7
Z, _

b (;) °
T|1

e ()
x

a ()

exponent laws give
different orders
of operation

3.7

It’s important to realize that the exponent laws offer a different order of oper-
ations that always gives the same result. For example, consider:

On the left (x™z™), here is the order of operations:
e raise x to the m power;
e raise x to the n power;

e multiply the two results together.

On the right (z™*"), here is the order of operations:
e add m ton;
e raise x to this power.

Although the order of operations is different, you’ll always get the same result.
The sentence ™z = ™" is always true (for all allowable values of x, m,

and n).
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EXERCISES

6. Describe the order of operations indicated by each side of the equation:

m—n

a.

xn
b. ()™ = a™y"

exponent laws
can be used
left-to-right
and
right-to-left

It’s also important to realize that the exponent laws can be used either left-to-
right or right-to-left. For example, consider the law:

Cmen — l,'m-‘rn

When it is used ‘left-to-right,” you would recognize a pattern of the form z™x"
and rewrite it in the form ™% | like this:

When it is used ‘right-to-left,” you would recognize a pattern of the form z™+"
and rewrite it in the form z™a™ | like this:

The exponent laws, as stated, are more frequently used left-to-right. However,
be on the lookout for using them in the other direction!

EXERCISES

7. Use the exponent laws ‘right-to-left’ to rewrite each of the following:

a. .’Et+3

b xt—?)

c .133t

d xSyd
.’ES

€. yi?’

the reason why

29 must equal 1

the reason why

! must equal —
x

19-1(2-5)~1

With the exponent laws in hand, it can now be shown why z° must equal 1.
Here’s the idea:

numerator and denominator equal

P exponent law
52 A~
1 _ e _ 2-2 — 50
52

Thus, 5% must equal 1.

1

1
The exponent laws can also be used to show why 7 must equal —. Here’s
x

the idea:
exponent law
0
IR N S
5 51 51
Thus, 5~ must equal — .
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writing answers
using only
positive exponents

Sometimes you will be asked to write your final answers with positive exponents
only. In this situation, there’s a thought process that may cut down your work
a bit.

x2

Consider the expression o Although it could be simplified like this:

there’s a more efficient thought process, as follows.

There are more factors of z in the denominator. How many more? Answer:
7 —2 = 5. Thus, after cancellation, there will be 5 factors remaining in the
denominator. Notice that you're taking the exponent in the denominator, sub-

tracting the exponent in the numerator, and writing this new exponent in the
. . z? 1
denominator. Thus, in one step you can go from — to —.
x x
Here are some more examples, where you should be able to go from the original
expression to the final expression in one step:

x 1
26 25
20y? B !
zys oyl
* Here’s the rule that’s lurking in the background for this shortcut:
Lm o x(—l)(n—m) — (wn—m)—l — 1
xn I'Il*m
EXERCISES 8. Simplify in one step. Write without negative exponents.

$3
a. e
.’]S'7
$7y3
b, —=
Ty

(on)~)~
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One final word about fractions.

a
- b
(a)_g (b)3 Recall from the last section that (%) R
2 - (2 a
b a
This pattern can now be extended:
5™ =)
b —\q (a) -2 1
etc. b (%)2
a2
= 1 - (=
()
1
B2
b2
T2
b2
T
b2
- &
Now that you’ve seen all the details, you’ll never have to go through this argu-
ment again. Whenever you see a fraction to a negative power, you can just flip
the fraction, and change the sign of the exponent.
EXERCISES 9. Simplify in one step. Write without negative exponents.
a\—7
(:c -1 ) —4
y+2
EXAMPLES Here are examples that use two or more exponent laws. There is often more

using more than one
exponent law

[N}
| | @
=3

than one correct way to approach problems such as these. Final answers are

given without negative exponents.
Example: (2%)?(2%) = 2525 = 2!

77x5 1,72

X o (—
Example: ——— =— =1 =) =gt =g
T~ x~

Example:
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EXERCISES 10. Simplify. Write without negative exponents.

a. (I2)6(I3)74

b D2
2-3(22)7
5
Yy
(@)
EXERCISES 11. Go to http://fishcaro.crosswinds.net and follow the links to the practice

problems for section 21. Here you will practice working with the exponents
laws. For your convenience, there are also worksheets provided in this text on
the following pages. Additional worksheets can be produced at the web site.

web practice
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SOLUTION TO EXERCISES:

EXPONENT LAWS

3,,—5.7 _ 3+(=5)+7 _ .5

a. z°x "z’ ==x x
1 1 1 1 3 5 8
2523 =515 = 2151715 = 215
P8 — gl 58 _ 1458 _ 6.8
20l gl = O 0 g
7
T _
a 7227,'7 22375
x
T T (-
= 4_:101 (—4) _ 45
x~ xr~
1
T4 1_1 1_2 _1
— =1 2 =1 4=y 1
xrz
0.8
T 0.8-14 _ _.—06
T ==z
pl4

a. J:y)7 = x7y7
(xy) 0 =a 0"
(zy)% = x%y?
((Ey)lA o (El 4y1.4
7
IT\7 X
a. — = —
&y -2
(&)™ = e
y y=°
&) -2
Yy B y%
r\2.7 _ Z‘Q'?
(5) =7

1
copyright 2004 Carol J.V. Fisher

194



m

x
6. a. —:
xn
e raise x to the m power;
e raise x to the n power;
e divide the first result by the second result.
"
e take m and subtract n;
e raise x to this power.
b. (zy)™:
e multiply  and y;
e raise this product to the m power.
My
e raise x to the m power;
e raise y to the m power;
e multiply these two results together.
7. a. ot =gt
t
3 T
b. 2t ==
23
c. 2% = (23)
d. 2%y = (zy)®
3
x T3
e. Z=(%
¥ oy
3 1
8. a. —=—
7 xt
7,3 6
x x
Ty° Y
a\—7 b7
9. a. (= = (-
@7 =
r—1 -4 Y+ 2.4
y x
10. a. (22)8(z%) "% = 2122712 = pl2H(-12) — 0 g
b e
Coa3(a2)T T xS gl g6
c. Here’s one correct way:
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